Teleparallel gravity theories employ a tetrad and a Lorentz spin connection as independent variables in their covariant formulation. In order to solve their field equations, it is helpful to search for solutions which exhibit certain amounts of symmetry, such as spherical or cosmological symmetry. In this article we present how to apply the notion of spacetime symmetries known from Cartan geometry to teleparallel geometries. We explicitly derive the most general tetrads and spin-connections which are compatible with axial, spherical, cosmological and maximal symmetry. For homogeneous and isotropic spacetime symmetry we find that the tetrads and spin connection found by the symmetry constraints solve the anti-symmetric, resp. spin-connection, field equation universally for any possible teleparallel theory of gravity.
I. INTRODUCTION
In the recent decade we have witnessed an increased interest in various extensions of general relativity as a tool to understand the accelerated expansion of the Universe [1] [2] [3] . One particular class of these models are the so-called modified teleparallel gravity theories, where first general relativity was reformulated using the teleparallel geometry to obtain teleparallel equivalent of general relativity (TEGR) [4] [5] [6] [7] [8] [9] [10] [11] , and then various modified models have been constructed. The teleparallel approach to modified gravity is particularly attractive since it allows us to construct a number of models with second order field equations and hence naturally avoid the problem with higher order field equations faced in other modified theories of gravity. The most popular and the best studied model being the f (T ) gravity model, built in analogy with f (R) gravity, where the Lagrangian is considered to be an arbitrary function of the so-called torsion scalar [12] [13] [14] [15] [16] .
A well-known problem of the original formulation of TEGR was that the Lagrangian was thought to be invariant only under global Lorentz transformations, and to be only quasi-invariant under the local ones [8] . In the case of modified gravity models as f (T ) gravity this lead to a violation of the local Lorentz symmetry, where often the situation was faced that out of two tetrads related by a local Lorentz transformation, only one solved the field equations [17, 18] . Those tetrads that solved the field equations in a non-trivial way and lead to some interesting new dynamics were named good tetrads, and those that could solve the field equations only in the limit of general relativity were named bad tetrads [19, 20] . This introduced a challenge to find these good tetrads in practical situations and also to understand them on the fundamental level.
It was then shown that it is possible to formulate f (T ) gravity and other teleparallel models in a fully Lorentz covariant way [11, 21, 22] , providing that we use the covariant version of TEGR as the base for modifications, where both a tetrad and a teleparallel spin connection are used as fundamental dynamical field variables [10, [23] [24] [25] [26] [27] [28] . While in the covariant TEGR it was argued that the spin connection can be determined only by additional physical requirements, such as as the finiteness of the physical action and conserved charges [27, 28] , in the case of f (T ) gravity it was shown that the dynamics of the spin connection are determined by its own field equations, which, moreover, coincide with the antisymmetric part of the field equations for the tetrad [29] . Recently [30] , it was shown that the property extends to all modified teleparallel theories with second order field equations.
Nevertheless, it remained an open problem of how to determine both, the tetrad and the spin connection in practical situations since (even the antisymmetric part of) the field equations are typically too complicated to be solved in general. It was known that it is possible to "guess" some ansatzes for the spin connection in the case of spherical symmetry and the spatially flat FRWL universe, which turned out to be equivalent to guessing the good tetrads in the non-covariant formulation, but it remained unclear how to generalize this procedure [21] .
In this paper, we present a notion of symmetry for teleparallel geometries on which teleparallel theories of gravity are based. We obtain a precise notion of symmetry for the fundamental fields, the tetrad and the spin-connection, by mapping the teleparallel geometry to a Cartan geometry and adopting the known symmetry principles from there [31] . Furthermore we show that the torsion, and thus the resulting teleparallel field equations, inherit the symmetry imposed on the fundamental fields.
We demonstrate the use of our method in the case of axially, spherically symmetric spacetimes as well as homogeneous and isotropic and maximally symmetric spacetimes. In the homogeneous and isotropic case we will find that it is possible to find a spin connection that solves the antisymmetric part of the tetrad field equations for all teleparallel models with second order field equations, derived purely on the basis of the symmetry considerations. We then also examine the case of maximally symmetric spacetime and demonstrate that such general solutions exist only in the case of Minkowski spacetime. It turns out that in the case of (anti-)de Sitter spacetime, it is not possible to use our method and we prove that there is no spin connection that would solve the symmetry conditions generally for all models. We would like to stress here that this does not exclude the possibility that there are spin connections that solve the field equations in some specific models, e.g. f (T ) gravity, but those solutions will apply specifically only to those models.
The outline of the paper is as follows. In section II, we review teleparallel geometry and introduce the covariant formulation of TEGR and other modified teleparallel gravity models. In section III we introduce the notion of symmetry in teleparallel geometries and show how to construct the tetrad and the spin connection leading to the torsion tensor exhibiting the desired symmetry. In section IV we demonstrate the use of this method in the case of axially and spherically symmetric spacetimes, and both spatially flat and non-flat FRWL Universes, and we discuss the case of maximally symmetric spacetimes. In particular we find in section IV C 1, that for high-symmetric situations, the tetrads and spin connections which satisfy the symmetry conditions automatically solve the antisymmetric, resp. the spin-connection, field equation for all the models mentioned in section II. Finally in section V we conclude and summarize the main results.
II. COVARIANT FORMULATION OF TELEPARALLEL GRAVITY
This section introduces and recalls the basic notions on teleparallel geometry in subsection II A and teleparallel theories of gravity in subsection II B, which we need throughout this article.
A. Teleparallel geometry
We start our discussion with a brief review of the mathematical notions we use in order to describe teleparallel geometry. In this article we use the covariant formulation [10, 11] , where the geometry given on a spacetime manifold M is defined in terms of a tetrad θ ∈ Ω 1 (M, z) and a spin connection ω ∈ Ω 1 (M, h). Both are 1-forms on M , the former with values in Minkowski space z = R 1,3 equipped with a bilinear form η of signature (− + ++), the latter with values in the Lorentz algebra h = so (1, 3) . We denote the teleparallel geometry by the triple (M, θ, ω).
By introducing coordinates (x µ ) on M and suitable bases of z and h, we can write
Here we denoted Lorentz indices with Latin letters a, b, . . ., while Greek indices µ, ν, . . . denote tangent space indices of M . In order to be teleparallel, the spin connection must be flat, i.e., it must satisfy the vanishing curvature condition
From the tetrad and the connection one defines a metric
and an affine connection ∇ with connection coefficients
where e a µ is the inverse tetrad satisfying θ Being obtained from the flat spin connection, the affine connection also has vanishing curvature,
but in general non-vanishing torsion
As a consequence of (3), we find that the total covariant derivative
of the tetrad vanishes. We now consider a local Lorentz transformation Λ : M → SO (1, 3) , under which the tetrad and the spin connection transform as
with the inverse Lorentz transform given by Λ a b = (Λ −1 ) b a . One easily checks that the condition of vanishing curvature is unaffected by this transformation, since
Further, the metric g µν and connection coefficients Γ µ νρ (and hence also the curvature R ρ σµν and torsion T ρ µν ) are invariant under this transformation. We finally remark that the most general metric-compatible spin connection with vanishing curvature is itself of the "purely inertial" form
for some local Lorentz transformation, and can hence always be transformed into a zero spin connection by applying the inverse Lorentz transformation.
B. Teleparallel theories of gravity
Using the teleparallel geometry we can construct various theories of gravity. In particular, we can consider the so-called teleparallel equivalent of general relativity (TEGR), often referred simply as just teleparallel gravity, by considering a Lagrangian [10] 
where θ = det θ a µ , κ = 8πG is the gravitational constant (in c = 1 units), and T is a quadratic combination of torsion tensors
known as the torsion scalar. It is possible to rewrite the torsion scalar as
where we have defined the superpotential S ρσ a as
We then consider the total Lagrangian
where
is the matter Lagrangian constructed through the minimal coupling principle and Φ I denotes various matter fields. The variation of the total Lagrangian (14) with respect to the tetrad yields the field equations
where on the left-hand side we have defined the Euler-Lagrange expression
and on the right-hand side is the matter energy-momentum tensor
which is symmetric as a consequence of the local Lorentz invariance of the action [32] . It can be shown [10] that the teleparallel Lagrangian (10) is (up to a surface term) equivalent to the Einstein-
Hilbert Lagrangian
• LEH , which is given by the Ricci-Scalar of the Levi-Civita connection of the metric, understood as function of the tetrads, i.e.
from where follows that the field equations (15) are equivalent to Einstein field equations of general relativity. The variation of the Lagrangian with respect to the spin connection vanishes identically [28, 29, 33] , and hence the field equations for the spin connection are identically satisfied, providing that the spin connection has the right teleparallel form (9) . The spin connection in this particular model equivalent to general relativity can be determined by the requirement of finiteness of the action and conserved charges [26] .
An intriguing property of the Lagrangian (10) is that it contains only the first derivatives of field variables, what allows us to construct various modified gravity models with second order field equations and hence avoid problems with higher order field equations faced in modified gravity models built on the standard general relativity. The most popular among these models is the so-called f (T ) gravity model [12] [13] [14] [15] , where the Lagrangian is taken to be an arbitrary function of the torsion scalar (11), i.e.
The field equations for the tetrad can be written as (15) with the Euler-Lagrange expression given by [21] 
where f T and f T T denotes first and second order derivatives of the f -function with respect to the torsion scalar. Unlike the case of TEGR, the field equations of f (T ) gravity (20) are generally not symmetric. Defining the fully Lorentz-indexed Euler-Lagrange expression as E ab = η bc θ c µ E µ a , we can write the antisymmetric part of the field equations as
Another important difference with the TEGR case is that the variation with respect to the spin connection is non-trivial, and hence the dynamics of the spin connection is determined by its own field equations. We can write the variation with respect to the spin connection as
It is sufficient to consider the changes of the spin connection under infinitesimal local Lorentz transformations only
from where we find that
Using (24) and integrating by parts, we find that the variation with respect to the spin connection (22) lead to the same result as the antisymmetric field equations for the tetrad [29] . This implies that if the field equations for the spin connection are satisfied, the field equations for the tetrad are guaranteed to be symmetric. As we will show in this paper, in the situations with enough symmetry, it is possible to solve the spin connection field equations independently of the symmetric field equations for the tetrad.
The case of f (T ) gravity is the most popular and best studied teleparallel gravity model, but it is possible to construct a number of other interesting modified gravity theories within teleparallel framework. As it has been shown recently [30] , all teleparallel gravity models with second order field equations have this property that the field equations for the spin connection coincide with the antisymmetric part of the tetrad field equations. We outline here few of the most popular models to which this property applies. For further details, see the recent review [11] .
The earliest modified teleparallel model is known as new general relativity [34, 35] , where arbitrary coefficients in front of the terms in the torsion scalar (11) are considered. Following the original approach [34, 35] , we can decompose the torsion tensor into irreducible parts with respect to the Lorentz group as
are known as the vector, axial, and purely tensorial, torsions, respectively. Constructing the following three parity preserving quadratic invariants
the Lagrangian of new general relativity is then written as
Recently [36] , it was shown that it is possible to consider a general model known as f (T ax , T ten , T vec ) gravity, where we consider a Lagrangian given by an arbitrary function of the quadratic invariants (27) 
It is also possible to modify teleparallel gravity by introducing a non-minimal coupling with the scalar field φ [22, 37] , which can be further generalized to the so-called f (T, X, Y, φ) model [38] , where X is the kinetic term for scalar field, and Y is the term representing the coupling between the torsion and gradient of the scalar field.
III. SYMMETRIES IN TELEPARALLEL GRAVITY
We now come to the general notion of spacetime symmetries in the language of teleparallel geometry, which we will investigate in several steps. We start with a definition of symmetry under a finite group action in section III A. The infinitesimal version of this notion will be developed in section III B. We then discuss how this notion of symmetry behaves under local Lorentz transformations in section III C, and make use of these properties in order to simplify the symmetry conditions. Finally, in section III D we discuss how this notion of symmetry leads to a simplification of the field equations of teleparallel gravity theories. Observe that the results in the sections III A and III B do not yet use the teleparallel condition of the connection, but hold for general metric-compatible spin-connections. Only in section III C the curvature free condition will be used to establish results in the Weitzenböck gauge.
A. Symmetries under group actions
There are different possible ways to define spacetime symmetries. For our purposes it will be most convenient to consider the invariance of selected geometric objects on a spacetime manifold M under the action ϕ : G × M → M of a Lie group G on M . The particular notion of symmetry we use here is motivated by a previous study of spacetime symmetries using Cartan geometry [31] , and is also valid in the more general case when the spin connection ω is not flat. The teleparallel fields tetrad and spin connection, introduced in section II A, define via equations (2) and (3) a metric and an affine connection. They in turn define what is called an orthogonal Cartan geometry, for which a precise notion of symmetry exists. The orthogonal Cartan geometry is invariant under a group action on M if and only the metric g µν and the affine connection ∇ are invariant under this action. To clarify this notion, let u ∈ G and denote the induced diffeomorphism by ϕ u : M → M . Further denoting the image ϕ u (x) by x ′ , one finds the usual formulas
and
for the pullbacks of the metric and the connection coefficients along the diffeomorphism ϕ u . Following the treatment in [31] we introduce the following notion of symmetry.
Definition. A symmetry of a teleparallel geometry (M, θ, ω) is a group action ϕ : G × M → M of a Lie group G such that the induced metric (2) and affine connection (3) are invariant, i.e., ϕ * u g = g and ϕ * u Γ = Γ for all u ∈ G. The teleparallel geometry is then called symmetric under the group action ϕ.
We now express the conditions of symmetry on the metric and affine connection as conditions on the fundamental teleparallel variables tetrad and spin connection. Observe that their pullbacks by ϕ u are given by
as usual for 1-forms. It follows from their definitions (2) and (3) that the metric and the affine connection are invariant under the diffeomorphism ϕ u , i.e, ϕ * u g = g and ϕ * u Γ = Γ, if and only if there exists a corresponding local Lorentz
Hence, the metric and connection are invariant under the action of the group G if and only if there exists a map
From the fact that we are considering a (left) group action follows that any such mapΛ which satisfies the condition (33) has another property, which is imposed by the group structure of G. For u, v ∈ G we find
where the last part follows after multiplication with the inverse tetrad. This shows thatΛ is a local homomorphism of the opposite group of G to the Lorentz group SO(1, 3). The same result can also be derived from the transformation behavior of ω. This also shows that it is more convenient to consider the inverse Λ = • −1 •Λ instead, which is a local homomorphism of G to SO (1, 3) , and whose components are given by
This leads us to the following statement: In the following we will only work with Λ instead ofΛ.
B. Infinitesimal symmetries
For practical calculations it is often convenient to consider infinitesimal symmetries instead of the finite symmetries discussed above. Recall that any element ξ ∈ g ∼ = T 1 G determines a one-parameter subgroupξ : R → G, t → exp(tξ) via the exponential map. The action ϕ : G × M → M assigns to ξ a one-parameter group ϕξ (t) of diffeomorphisms, which determines a trajectory γ ξ (x, t) = ϕξ (t) (x), such that γ ξ (x, 0) = x. The tangent vectorsγ ξ (x, 0) = X ξ (x) constitute a vector field X ξ ∈ Vect M . Note that the assignment ξ → X ξ is a Lie algebra homomorphism.
The Lie derivative of a tensor field W or affine connection on M with respect to X ξ is given by
In particular, for the metric and affine connection we have the Killing equation
where the last line shows that L X ξ Γ is a tensor field. (Note that the equation given here holds also for non-flat connection ∇, while in the teleparallel case one has R µ νρσ ≡ 0.) The tetrad and spin connection transform as 1-forms, hence
If the metric and connection are invariant under the action of the group G, then the Lie derivatives L X ξ g and L X ξ Γ vanish. This is the case if and only if the Lie derivative of the tetrad and the spin connection satisfy
where we used the total derivative
and where λ : g × M → so(1, 3) is the local Lie algebra homomorphism defined by
C. Local Lorentz transformations
We now consider a tetrad θ ′ and spin connection ω ′ derived from a tetrad θ and spin connection ω by a local Lorentz transformation Λ : M → SO(1, 3) such that
Recall that a local Lorentz transformation of this form leaves the metric and affine connection invariant, g = g ′ and ∇ = ∇ ′ . Hence, if θ and ω are symmetric under the action of a group G on M with local homomorphism Λ, then there exists also a local homomorphism Λ ′ such that θ ′ and ω ′ are symmetric. A quick calculation shows that this local homomorphism is given by
For teleparallel connections satisfying (1), and thus being of the form (9), we may use this fact in order to simplify the symmetry conditions (33), or their infinitesimal versions (40) . It allows us to work in the Weitzenböck gauge, i.e., to choose Λ a b such that ω ′a bµ = 0. In this gauge the symmetry conditions (33) read
with their infinitesimal versions (40) given by
The second condition now simply states that the local Lie group homomorphism Λ ′ u , and hence also the corresponding local Lie algebra homomorphism λ ′ ξ , must not depend on the spacetime point, and so instead of a local Lie group homomorphism one has a global one. Since for a given symmetry group there is only a limited number of such Lie group homomorphisms, this greatly simplifies the task of finding the symmetric tetrads. One simply has to choose a homomorphism Λ ′ : G → SO (1, 3) , and then solve the condition on θ 
The two global homomorphisms Λ ′ ,Λ ′ : G → SO(1, 3) can be regarded as isomorphic representations of G in the sense that they are equal up to conjugation with Λ. This leads us to the following statement. In the remainder of this article we will drop the prime ( ′ ) and work in the Weitzenböck gauge whenever we are determining symmetric tetrads. Instead we will use the prime when we transform the tetrads we have found into a (sometimes more convenient) non-Weitzenböck gauge.
D. Field equations for symmetric spacetimes
We finally address the question how the notion of symmetry developed in the preceding sections is of use for the problem of solving or simplifying the field equations of teleparallel gravity theories. Recall that for any teleparallel gravity theory with local Lorentz invariance the field equations can be written in the generic form E µν = θ a µ θ a ν E ab = κΘ µν , where the energy-momentum tensor Θ µν is symmetric as a consequence of local Lorentz invariance. In this form the Euler-Lagrange expression E µν can be regarded as a tensor constructed from the metric, seen as function of the tetrads, the torsion of the teleparallel connection and the Levi-Civita covariant derivative defined by the metric, see section II B. If one imposes the symmetry conditions ϕ * u g = g and ϕ * u Γ = Γ of the metric and the connection, then one easily derives that also the Levi-Civita connection and the torsion satisfy the corresponding symmetry conditions, i.e., they are invariant under the action of the symmetry group. The same holds for their covariant derivatives, products and contractions. It thus follows that any tensor constructed from these quantities has the same property. This leads us to the following statement: Statement 3. Let E µν be an arbitrary tensor field constructed from the metric (2), the torsion (5) and their covariant derivatives with respect to the Levi-Civita connection or the teleparallel connection (3). If the tetrad and the spin connection satisfy the symmetry conditions (33), then also E µν satisfies the symmetry condition, ϕ *
This statement in particular applies to the Euler-Lagrange equations of any teleparallel gravity theory mentioned in section II B. Since imposing a symmetry of the form ϕ * u E = E in general reduces the number of independent components of E µν or restricts their coordinate dependence, it usually leads to a simplification of the corresponding field equations, up to fully solving them. However, note that the converse statement is not true: depending on the choice of the theory, also less symmetric teleparallel geometries may lead to Euler-Lagrange expressions which are trivially invariant under the action of the symmetry group. The most simple example is TEGR, where E µν is the Einstein tensor, and thus depends only on the metric, so that one may relax the symmetry condition on the teleparallel connection (3). However, we will not discuss such specific models in this work, and keep the theory and its field equations fully generic.
IV. TETRADS AND SPIN CONNECTIONS OBEYING PARTICULAR SYMMETRIES
We now apply the formalism developed in the previous section to particular symmetry groups and their actions on a four-dimensional spacetime manifold M . We do so in the order of increasing symmetry. As an illustrative example, we start with axial symmetry under the group SO(2) in section IV A. We then continue with spherical symmetry under the group SO(3) in section IV B. In section IV C, we discuss different types of cosmological symmetry, which are characterized by spatially homogeneous and isotropic spacetimes. Finally, we come to maximally symmetric spacetimes in section IV D.
A. SO(2): axially symmetric spacetime We start our discussion of particular symmetries with an illustrative example. For this purpose we discuss the symmetry group SO(2) of an axially symmetric spacetime. We use spherical coordinates (t, r, ϑ, ϕ), as it will turn out to be convenient later, when we discuss larger symmetry groups. In these coordinates the single generator of rotations around the polar axis is given by
In order to construct a symmetric tetrad, we now need to choose a local homomorphism Λ : SO(2) × M → SO (1, 3) . However, recall that we can simplify this choice by working in the Weitzenböck gauge ω a bµ = 0, in which one of the symmetry conditions becomes equal to the condition that Λ is constant over spacetime M , and hence simply constitutes a (global) homomorphism Λ : SO(2) → SO (1, 3) . Of course, there are numerous possibilities to make this choice. Here we restrict ourselves to a simple example, and choose
where R(φ) ∈ SO(2) denotes a rotation with angle φ. The differential λ (42) of Λ acts on the generator of rotation as
With this assignment, we can now explicitly write out the first equation of the symmetry condition (46) , which reads
From these equations one now immediately finds that the tetrad must be of the form
where the 16 functions C a µ depend only on the remaining coordinates t, r, ϑ. This is the most general tetrad which has axial symmetry implemented by the group homomorphism (49). Observe that by statement 3 of section III D this implies that the field equations for any teleparallel theory of gravity also obey the symmetry conditions. Hence, in particular that the anti-symmetric part of the field equations can not depend on φ as we show in (65). Of course the result depends on the choice of Λ.
Note that by imposing axial symmetry we have completely fixed the dependence on the coordinate ϕ. Nevertheless, this tetrad is still very generic and does not have any particular applications, other than serving as an illustrative example, and being the starting point for constructing tetrads with higher symmetries. This will be done in the following sections.
B. SO(3): spherically symmetric spacetime
In the next step we extend the axial symmetry discussed in the previous section and consider spherical symmetry. This can be achieved by introducing two additional symmetry generating vector fields, which take the form
in the spherical coordinates we have chosen. In order to construct symmetric tetrads, we again need to choose a homomorphism Λ, but now with the domain given by the rotation group SO(3). A simple and canonical choice is given by realizing that SO(3) is embedded in SO(1, 3) via the homomorphism
Also note that by restriction to rotations around the polar axis, one obtains the homomorphism (49) discussed before. Hence, the corresponding Lie algebra homomorphism (50) is simply extended by the two additional assignments 
In order to solve the symmetry conditions, it is helpful to proceed in two steps. In the first step one makes use of the already determined axially symmetric tetrad (52) and imposes the condition
which is a linear combination of the symmetry conditions to be imposed, and has the advantage that the resulting equations are essentially decoupled. Further, one finds that some of the resulting equations are satisfied identically, while others do not contain derivatives, and so yield algebraic equations for the components C a µ in the axially symmetric tetrad (52). First, one obtains the equations
so that these components must vanish. After imposing these conditions one further finds the equations
which allow eliminating four further components. Finally, one finds the conditions
In total one thus finds 10 algebraic equations of the 16 components C a µ . The most general solution of these equations can be expressed in terms of 6 free functions C 1 , . . . , C 6 of the coordinates t, r, ϑ in the form
We then come to the second step, and impose the linear combination
on the tetrad (60). The resulting equations now simply read
which means that the functions C 1 , . . . , C 6 may depend only on t and r, so that the dependence on ϑ is fully determined. The tetrad (60) is then the most general spherically symmetric tetrad in the Weitzenböck gauge. Observe again that by statement 3 of section III D this implies that the field equations for any teleparallel theory of gravity also obey the symmetry conditions. Hence, in particular the only non-vanishing components of the anti-symmetric part of the field equations are E [tr] and E [ϑφ] , as we show in (68). One may of course pose the question whether it is necessary to pick a non-trivial group homomorphism (54), or whether one could also simply use the trivial homomorphism
Assume thatθ is a symmetric tetrad in the Weitzenböck gauge, so that it satisfies the condition (45), which in this case reduces to (ϕ * uθ ) a µ =θ a µ . Now consider a point x ∈ M at coordinates (t, r, ϑ, ϕ) with r > 0. The orbit O of the group action of SO(3) through x is a sphere S 2 with fixed coordinates (t, r). At the point x, choose a tangent
a (x) to this orbit, which is not the null vector. This implies that its components
ϕ in the basis dual to the tetradθ are not all zero. Now for each x ′ ∈ O we can find some u ∈ G for which
would again be tangent to O and non-vanishing. Doing this for all x ′ ∈ O would yield a nowhere vanishing tangent vector field of O ∼ = S 2 . However, this is not possible, since the sphere is not parallelizable. Hence, no such tetrad fieldθ can exist. With this we demonstrated that the homomorphism between the symmetry group and the Lorentz group must be a non-trivial one to obtain a symmetric tetrad.
C. Cosmological symmetry
We now come to the class of cosmological symmetries. This class has the peculiar property that using the method we present in this article, it is possible to solve the antisymmetric part of the field equations of any teleparallel gravity theory, independent of its Lagrangian. This will be explained in section IV C 1. We then present the solutions for the three specific symmetries, corresponding to the spatial curvature parameter k = −1, 0, 1. The flat case k = 0 is discussed in section IV C 2, while we discuss positive spatial curvature k = 1 in section IV C 3 and negative spatial curvature k = −1 in section IV C 4.
General considerations
We start our discussion of cosmological symmetry with some general results which hold for any value of the spatial curvature parameter k. Note that in this case we have in addition to the generating vector fields (48) and (53) of rotations also the translation generators
where we introduced the abbreviation χ = √ 1 − kr 2 , and where we used spherical coordinates (t, r, ϑ, ϕ). Due to its high amount of symmetry this class of symmetries is of particular interest, since it poses strong restrictions on the field equations. Recall from section III D statement 3, that if the metric g µν and the affine connection Γ ρ µν are invariant under the flow of a vector field X, then also any Euler-Lagrange tensor E µν constructed from these quantities is invariant. This in particular then also implies that its antisymmetric part E [µν] is invariant. In the case of cosmological symmetry this is a very strong condition, due to the following statement:
Statement 4. Any antisymmetric two-tensor with cosmological symmetry generated by the vector fields (48), (53) and (64) vanishes.
Proof. This can simply be proven as follows. We start with the vector field X z according to its definition (48). Invariance implies
Hence, the components E [µν] do not depend on ϕ. We then continue with the generators (53). A direct calculation shows that 
from which we deduce that the only remaining components must be of the form
We finally apply X 3 , see (64). Here it is sufficient to calculate
This now shows that also E [tr] and E [ϑϕ] vanish, so that the complete antisymmetric part E [µν] vanishes. Hence, if we calculate the antisymmetric part of the Euler-Lagrange equations from a tetrad and spin connection with cosmological symmetry, then they are always satisfied, independent of the theory we consider.
ISO(3): flat space k = 0
The first case of a cosmological symmetry we discuss here is the spatially flat case k = 0. In this case it is convenient to make use of Cartesian coordinates x = r sin ϑ cos ϕ, y = r sin ϑ sin ϕ, z = r cos ϑ, in which the translation generators (64) take the simple form
The elements of the symmetry group are parametrized by v ∈ R 3 and U ∈ SO (3), and act on the coordinates as
One easily recognizes the Euclidean group ISO(3) = R 3 ⋊ SO (3), where the multiplication law of the semidirect product reads
. In order to determine the symmetric tetrads and spin connections, we need to find a homomorphism Λ : ISO(3) → SO (1, 3) . A natural choice is to enhance the homomorphism (54) to
by simply mapping pure translations (v, 1 3 ) to the identity 1 4 . The derived Lie algebra homomorphism λ : iso(3) → so(1, 3) then enhances the homomorphism defined through (50) and (55) by mapping the translation generators (70) to the zero element 0 4 . We then come to solving the symmetry condition (46) in the Weitzenböck gauge. Since we have merely extended the spherical symmetry and the homomorphism chosen in section IV B, we can start from the general spherically symmetric tetrad (60) and impose its symmetry under the generators (64). It already suffices to consider only one of them, such as X 3 as it yields the most simple equations, since the symmetry under the remaining two generators then follows from the structure of the symmetry algebra. Imposing this symmetry yields the conditions
while the remaining parameter functions must be of the form
Inserting these solutions one obtains the tetrad
Note that this result may be transformed into a diagonal tetrad by applying the local Lorentz transformation
One then obtains the tetrad
In this case one has a non-trivial spin connection. Its non-vanishing components are given by
Alternatively, one could perform the calculation also in Cartesian coordinates. It then turns out that the obtained tetrad (75) in the Weitzenböck gauge is simply the diagonal tetrad
Note that in these coordinates already the Weitzenböck tetrad is diagonal, so that one has both a diagonal tetrad and a vanishing spin connection.
SO(4): positively curved space
The next case of a cosmological symmetry we study is that of positive spatial curvature k = 1. To understand the geometry of this spacetime, it is helpful to embed the spatial hypersurfaces with constant time t into R 4 with coordinates
Note that the spherical coordinates (t, r, ϑ, ϕ) cover only the positive half space q 4 > 0. In the following we will consider the full space with coordinates (t, q A ), where A = 1, . . . , 4 and q A q B δ AB = 1, which is thus diffeomorphic to R × S 3 . The group of spacetime symmetries can then be understood as linear transformations of the spatial coordinates q
A that leave the metric δ AB invariant. Hence, they can be parametrized by elements U ∈ SO(4) acting on the spatial coordinates as q
To construct a homomorphism Λ : SO(4) → SO(1, 3) it is helpful to examine the group structure of SO(4) and the geometry of S 3 . Recall that S 3 is diffeomorphic to the Lie group SU (2), where we can use the coordinates q A to express
where σ k are the Pauli matrices. A rotation U ∈ SO(4) can be decomposed into a pair (u L , u R ) with u L , u R ∈ SU(2), where the action on S 3 takes the form
This decomposition is unique up to a sign, (u L , u R ) → (−u L , −u R ). Hence, the group SU(2) × SU(2) is a double cover of SO(4). The elements of the two factors are called the left and right isoclinic rotations. We then use the fact that SU(2) is a double cover of SO(3), i.e., there exists a homomorphism• : SU(2) → SO(3), u →ũ. This homomorphism allows us to construct two different homomorphisms
These are well-defined, sinceũ = −u, so that the result does not depend on the choice of the pair (u L , u R ) or (−u L , −u R ) to represent U ∈ SO(4). We also remark that pure rotations as discussed in section IV B, which correspond to those U ∈ SO(4) that leave q 4 fixed, are represented by u L = u R , so that both homomorphisms Λ ± restrict to the same homomorphism (54) on pure rotations.
In the next step we study the induced Lie algebra homomorphisms λ ± : so(4) → so (1, 3) . Also these restrict to the previously discussed homomorphism given by (50) and (55) for pure rotations, so that we only have to determine their action on the translation generators (64). One finds that these are given by
This also shows that the generators of the purely left and right isoclinic rotations given by the combinations X x ± X 1 , X y ± X 2 and X z ± X 3 are mapped to the zero element 0 4 if one applies the homomorphism λ ∓ corresponding to the other subgroup.
Using the homomorphisms λ ± we can now solve the symmetry condition (46) and determine the symmetric tetrads. Again we start from the spherically symmetric tetrad (60) discussed in section IV B and impose symmetry under the translation generators (64). In this case we find that the parameter functions must be of the form
where we introduced the abbreviation χ = √ 1 − r 2 . This yields the two tetrads
sin ϑ cos ϕ χ dr + r(χ cos θ cos ϕ ± r sin ϕ)dϑ − r sin ϑ(χ sin ϕ ∓ r cos ϑ cos ϕ)dϕ ,
sin ϑ sin ϕ χ dr + r(χ cos θ sin ϕ ∓ r cos ϕ)dϑ + r sin ϑ(χ cos ϕ ± r cos ϑ sin ϕ)dϕ ,
The two solutions we obtained have a simple geometric interpretation. Passing to the inverse tetrads, the vector fields e ± 1 , e ± 2 , e ± 3 on the spatial hypersurfaces simply correspond to the left or right invariant vector fields on SU(2), respectively.
As in the previous case there exists a local Lorentz transformation which allows us to transform the result into a diagonal tetrad. In this case this transformation is given by the matrix
sin ϑ cos ϕ sin ϑ sin ϕ cos ϑ 0 χ cos ϑ cos ϕ ± r sin ϕ χ cos ϑ sin ϕ ∓ r cos ϕ −χ sin ϑ 0 ±r cos ϑ cos ϕ − χ sin ϕ χ cos ϕ ± r cos ϑ sin ϕ ∓r sin ϑ
Applying this transformation leads to the diagonal tetrad, which is identical for both cases ±,
In this case the non-vanishing components of the spin connection distinguish between the sign choices ±, and are given by
4. SO(1, 3): negatively curved space k = −1
We finally come to the case k = −1 of negative spatial curvature. We can proceed similarly to the previously discussed case k = 1 of positive spatial curvature, and start by embedding the spatial hypersurfaces into R 4 with coordinates
The spatial hypersurfaces are then given by the hyperbolic spaces η AB q A q B = −(q 0 ) 2 + δ jk q j q k = −1 with q 0 > 0. The group of spacetime symmetries is then given by the linear transformations of the spatial coordinates q A that leave the metric η AB invariant. They can thus be parametrized by elements U ∈ SO(1, 3) acting on the spatial coordinates as q ′A = U 
We then use this homomorphisms λ ± to solve the symmetry condition (46) in the Weitzenböck gauge. Starting from the spherically symmetric tetrad (60) and imposing symmetry under the translation generators (64) yields the conditions
where we now used χ = √ 1 + r 2 . This yields the tetrad
Note that both tetrads differ only by a (not time orientation preserving) global Lorentz transformation θ
+ . This is due to the fact that Λ + and Λ − differ only by conjugation by T, as discussed in section III C. We can transform our result to a diagonal tetrad by applying the local Lorentz transformation defined by
±χ r sin ϑ cos ϕ r sin ϑ sin ϕ r cos ϑ ±r χ sin ϑ cos ϕ χ sin ϑ sin ϕ χ cos ϑ 0 cos ϑ cos ϕ cos ϑ sin ϕ − sin ϑ 0
Note that in contrast to the cases (76) and (87) this Lorentz transformation is not a pure rotation, but also involves a boost. This yields in both cases the same diagonal tetrad
together with a non-trivial spin connection, whose non-vanishing components take the form
This spin connection was also found in [22] . We find that ω + = ω − , since the spin connection remains unchanged under global Lorentz transformations.
Complex tetrad for
By extending the formalism we present in this article to allow also complex tetrads and spin connections, one may obtain another solution for the previously discussed case of cosmological symmetry with negative spatial curvature k = −1. This construction starts with a homomorphism Λ : SO(1, 3) → SO(1, 3, C) ∼ = SO(4, C), which can be obtained as follows. Let U ∈ SO(1, 3), so that η AB U A C U B D = η CD , and construct the complex matrices
One finds thatÛ ± ∈ SO(3, C). In particular, if U ∈ SO(3) is a pure rotation and has no boost components, one haŝ U = U . Finally, we define the group homomorphisms
For pure rotations this restricts to (54). It thus follows that the induced Lie algebra homomorphisms λ ± extend the relations (50) and (55) by
This finally allows us to solve the symmetry condition (46) in the Weitzenböck gauge. Symmetry under the translation generators (64) imposes the conditions
on the parameter functions appearing in the spherically symmetric tetrad (60). The sign in C 6 corresponds to the choice of the Lie group homomorphism. Also note that C 6 now becomes imaginary. The tetrad then reads
The same tetrad, up to a global Lorentz transformation and the use of hyperspherical coordinates, can also be found in [39] . In order to obtain a diagonal tetrad, one applies the (now also complex) local Lorentz transformation
This yields the same tetrad (95) as for the previously described real solution. However, one now finds a complex spin connection
which obviously differs from the (real) spin connection (96). We finally come to the case of maximally symmetric spacetimes. These can easily be obtained by enhancing the cosmological symmetry shown in the previous section. This will be shown in section IV D 1, where we display the symmetry generating vector fields we use here. The remainder of this section is split in two parts. In section IV D 2 we show how to derive a symmetric tetrad for Minkowski spacetime, while in section IV D 3 we prove that no such tetrad exists for (anti-)de Sitter spacetime.
Symmetry generating vector fields
One possibility to obtain the symmetry generators for maximally symmetric spacetimes is to make use of the previously introduced generators (48), (53) and (64). This can be achieved by choosing the additional vector fields
where χ = √ 1 − kr 2 as before and we introduced the shorthand notation
The further treatment depends on the particular choice of k, and hence of the symmetry group of the maximally symmetric spacetime. We will therefore discuss the cases k = 0 and k = 0 separately.
Minkowski spacetime
The most simple case is given by Minkowski spacetime k = 0, whose symmetry group is ISO (1, 3) . This is a straightforward extension to the case of spatially flat cosmological symmetry with group ISO(3) as discussed in section IV C 2, so that we can proceed in full analogy. We parametrize the elements of ISO(1, 3) by v ∈ R 4 and U ∈ SO(1, 3), so that the action in Cartesian coordinates takes the form 
We then proceed by choosing a homomorphism Λ : ISO(1, 3) → SO (1, 3) . In this case we can simply enhance the homomorphism (72) to
Note that if U is a pure rotation (no boosts involved) and v 0 = 0 this reduces to the case discussed in section IV C 2. We can therefore make use of the tetrad (75) and impose in addition symmetry under the generators (104) with k = 0. This yields the solution that a(t) = b(t) = c with an arbitrary constant c. Also in this case one can apply the Lorentz transformation (76) in order to obtain the diagonal tetrad (77), together with the non-vanishing spin connection (78).
Anti-de Sitter and de Sitter spacetimes
We finally come to the cases of anti-de Sitter and de Sitter spacetimes, whose symmetry groups are SO(2, 3) and SO (1, 4) , respectively. These cases are fundamentally different from the previously discussed case of Minkowski spacetime. This can be seen in different ways, as we will show in the remainder of this section, in which we prove the following statement: Statement 5. There are no teleparallel geometries which are symmetric with respect to the generating vector fields (48), (53), (64) and (104) of maximal symmetry with k = ±1.
First note that there exists no non-trivial group homomorphism Λ : G → SO (1, 3) , where G is one of the two aforementioned groups. This can most easily be seen at the level of the corresponding Lie algebra homomorphism λ : g → so (1, 3) . Since dim g = 10 > 6 = dim so (1, 3) , such a homomorphism must necessarily have a non-trivial kernel ker λ ⊂ g. Recall that the kernel of a Lie algebra homomorphism is an ideal of the Lie algebra. However, since g is a real form of the simple Lie algebra so(5, C), its only ideals are {0} and g itself. Hence, ker λ = g, and so λ is the trivial homomorphism. Inserting this homomorphism into the symmetry condition (46) one finds that the resulting system of equations has no solution.
Another possibility to show that there exist no symmetric tetrads in the sense of our definition is by going back to the derivation of the symmetry condition in section III. Recall that we required both the metric (2) and the affine connection (3) to be invariant under the action of the symmetry group on the spacetime manifold. Solving the condition (38) for the generating vector fields (48), (53), (64) and (104) shows that the only solution is the Levi-Civita connection of the maximally symmetric metric g = −dt ⊗ dt + C 2 k (t) dr ⊗ dr 1 − kr 2 + r 2 dϑ ⊗ dϑ + sin 2 ϑdϕ ⊗ dϕ ,
where we used the abbreviation
However, for k = 0 this connection has a non-vanishing curvature, and so it cannot be of the form (3) with a flat spin connection ω. Hence, no symmetric teleparallel geometry exists. We conclude this section with the remark that of course there exist tetrads which correspond to the maximally symmetric metric (108) for the de Sitter or anti-de Sitter cases and which appear as solutions to teleparallel gravity theories, even though the corresponding teleparallel connections (3) do not satisfy the symmetry condition (40) for all generators of maximal symmetry. However, these depend on the choice of the particular gravity theory, and a detailed analysis would exceed the scope of this article.
V. CONCLUSION
In this article we have discussed the invariance of teleparallel geometries, which are described in terms of a tetrad and a flat Lorentz spin connection, under the action of a group on the underlying spacetime. To do so we interpreted the teleparallel geometry as an orthogonal Cartan geometry and applied the known symmetry concepts from there.
Demanding that the connection is teleparallel, i.e. flat, it turned out that this notion of symmetry implies the invariance of the metric as function of the tetrads, the torsion and their covariant derivatives, and hence the field equations of any teleparallel gravity theory built from these quantities, under the group action. We then derived the most general symmetric teleparallel spacetimes for a number of symmetry groups corresponding the following symmetries:
1. axial symmetry in Weitzenböck gauge (52), 2. spherical symmetry in Weitzenböck gauge (60),
The tetrads and spin connections we presented in this article, some of which have previously been obtained attempting to solve (the antisymmetric part of) the field equations of particular teleparallel gravity theories, provide a possible starting point to solve the field equations of any generic teleparallel gravity theory. Our approach has the advantage that it is universal and fully independent of the choice of any particular theory, and it may also be applied to other symmetry groups which are not discussed in this article, such as that of plane waves.
Our results raise a number of interesting questions for future investigation. One such question comes from our finding that for a given symmetry there may in general be different branches of solutions for the tetrad and spin connection, which lead to the same metric, but have different torsion. One would therefore expect that these different solutions can be distinguished only if there is a coupling of matter to torsion, which is not the case for non-spinning test particles. This becomes even more interesting in theories in which the dynamics of the metrics depends on the torsion, and thus differs between these branches, as it is the case for the real and complex tetrad of k = −1 cosmology [22, 39] , which may hint towards additional degrees of freedom besides the usual metric ones [40] [41] [42] [43] [44] [45] [46] . Further studies are needed in order to understand the physical consequences of these issues.
